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CHAPTER
ZERO

Preface

This is a free and open source differential calculus booke Tree and open
source” part means you, as a student, can give digital vessibthis book to any-
one you want (for free). It means that if you are a teachercgou(a) give or print
or xerox copies for your students, (b) use potions for youn olass notes (if they
are published then you might need to add some acknowleddgedepending on
which parts you copied), and you can xerox even very largeqms of it to your

hearts content. The “differential calculus” part meansoners derivatives and
applications but not integrals. It is heavily based on that fialf of a classic text,
Granville’s “Elements of the Differential and Integral Callas,” quite possibly a
book your great grandfather might have used when he wagieadige. Some ma-
terial from Sean Mauch'’s excellent public domain text on kggpMathematics,

http://www.its.caltech.edu/ ~ sean/book.html

was also included.

Calculus has been around for several hundred years and thertgaf it has not
changed radically. Of course, like any topic which is taughéchool, there are
somemadifications, but not major ones in this casex(if) denotes the distance a
train has traveled in a straight line at timéhen the derivative is theelocity. If
q(t) denotes the charge on a capacitor at tinmea simple electrical circuit then
the derivative is theurrent If C'(¢) denotes the concentration of a solvent in a
chemical mixture at timethen the derivative is theeaction rate If P(¢) denotes
the population size of a country at timeéhen the derivative is thgrowth rate
If C(z) denotes the cost to manufactureinits of a production item (such as a
broom, say) then the derivative is thearginal cost

iX


http://www.its.caltech.edu/~sean/book.html

Some of these topics, electrical circuits for example, werestudied in calcu-
lus when Granville’s book was first written. However, asideni some changes
in grammar and terminology (which have been updated in grision), the math-
ematicalcontentof the calculus course taught today is basically the samiads t
taught a hundred years ago. Terminology has changed, andentalixs about
“versines” any more (they were used in navigation table®rgethe advent of
computers), but thbasic techniquebave not. Therefore, to make the book more
useful to current students, some modification and rearraggeof the material
in Granville’s old text is appropriate. Overall, though tigor and detailed expla-
nations are still at their same high level of quality.

Here is a quote form Granville’s original preface:

The author has tried to write a textbook that is thoroughlylera
and teachable, and the capacity and needs of the studeninmues
first course in the Calculus have been kept constantly in mirce
book contains more material than is necessary for the usuase of
one hundred lessons given in our colleges and engineerhapks;
but this gives teachers an opportunity to choose such dslgsdest
suit the needs of their classes. It is believed that the velaomtains
all topics from which a selection naturally would be made riegar-
ing students either for elementary work in applied scienderanore
advanced work in pure mathematics.

WILLIAM A. GRANVILLE
GETTYSBURG COLLEGE
Gettysburg, Pa.

For further information on William Granville, please see Wikipedia article at
http://en.wikipedia.org/wiki/William_Anthony_Granville
which has a short biography and links for further informatio

Granville’s book “Elements of the Differential and Inte€alculus” fell into
the public domain (in the United States - other countries imaylifferent) and
then much of it (but not all, at the time of this writing) wassoed into

http://en.wikisource.org/wiki/Elements_of_the_Diffe rential_and_Integral_Calculus

primarily by P. J. Hall. This wikisource document uses Math&hd ETEX and
some Greek letter fonts.


http://en.wikipedia.org/wiki/William_Anthony_Granville
http://en.wikisource.org/wiki/Elements_of_the_Differential_and_Integral_Calculus

In keeping with the “free and open source” aspect of thisbieek, and the
theme of updating to today’s much more technologicallytanstudents, a free
and open sourse mathematical software paclSage was used to illustrate ex-
amples throughout. You don’t need to kn@age to read the book (just ignore
the Sage examples if you want) but it certainly won'’t hurt to learn tlé about
it. Besides, you might find that with some practi8age is fun to “play with”
and helps you with homework or other mathematical problemsome of your
other classes. It is a general purpose mathematical seffragram and it may
very likely be the only mathematical software you will eveed.

This BTEX'd version is due to the second-named author, who is resplen®r
formatting, the correction of any typos in the scanned wessignificant revision
for readability, and some extra material (for example, $a@e examples and
graphics). In particular, the existence of this documenevtself primarily to
three great open source projectgXMATEX, Wikipedia, andSage . All the fig-
ures were created usirgage and then edited and converted using the excellent
open source image manipulation progr&tMP (http://www.gimp.org ).
The Sage code for each image can be found in tAgK source code, available
at

http://sage.math.washington.edu/home/wdj/teaching/c alcl-sage/

More information orSage can be found at th8age website (located at
http://www.sagemath.org ) or in the Appendix (Chapter 13) below.

Though the original text of Granville is public domain, théra material added
in this version is licensed under the GNU Free Documentdtiocanse (repro-
duced in an Appendix below), as is Wikipedia.

Acknowledgementd thank the following readers for careful proofreading and
reporting typos: Mario Pernici, Jacob Hicks, Georg Muntingnd Minh Van
Nguyen. | also thank Trevor Lipscombe for excellent stidisidvice on the pre-
sentation of the book. However, any remaining errors arysaty responsibility.
Please send comments, suggestions, proposed changesgections by email to
wdjoyner@gmail.com

Xi
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CHAPTER
ONE

Variables and functions

1.1 Variables and constants

A variableis a quantity to which an unlimited number of values can begassl.
Variables are denoted by the later letters of the alphaldats;Tin the equation of
a straight line,

x andy may be considered as the variable coordinates of a pointng@long the
line. A quantity whose value remains unchanged is calledrestant

Numerical or absolute constants retain the same value$ pnaddlems, a2, 5,
V7, T, etc.

Arbitrary constants, or parameterare constants to which any one of an unlim-
ited set of numerical values may be assigned, and they apmseag to have these
assigned values throughout the investigation. They arallysienoted by the ear-
lier letters of the alphabet. Thus, for every pair of valudstearily assigned ta
andb, the equation

r oy
I A |
a+b

represents some particular straight line.

1



1.2. INTERVAL OF A VARIABLE

1.2 Interval of a variable

Very often we confine ourselves to a portion only of the nundyetem. For
example, we may restrict our variable so that it shall takewmly such values as
lie between: andb, wherea andb may be included, or either or both excluded.
We shall employ the symbad, b], a being less than, to represent the numbers
a, b, and all the numbers between them, unless otherwise stataid.symbol
[a, b] is read the interval from to b.

1.3 Continuous variation

A variablex is said to vary continuously through an interj@l o], whenzx starts
with the valuea and increases until it takes on the valu@ such a manner as to
assume the value of every number betweendb in the order of their magni-
tudes. This may be illustrated geometrically as follows:

-
) e T
P -
T == 0

Figure 1.1: Interval fromA to B.

The origin being a0, layoff on the straight line the point$ and B corresponding
to the numbers andb. Also let the pointP correspond to a particular value of the
variablex. Evidently the intervala, 0] is represented by the segmehB. Now
asx varies continuously from to b inclusive, i.e. through the intervéd, b], the
point P generates the segmeff3.

1.4 Functions

A function f of the real numberR is a well-defined rule which associated to each
z € R a unique valuef(z). Usually functions are described algebraically using
some formula (such a&z) = =2, for all real numbers’) but it doesn’t have to be
so simple. For example,



1.5. NOTATION OF FUNCTIONS

22, if x is an integer,

f(z) = { 0, otherwise,

is a function orR but it is given by a relatively complicated rule. Namely, thée

f tells you to associate to a numbethe value) unlessr is an integer, in which
case you are to associate the valtie(In particular,f (z) is always an integer, no
matter whatr is.) This type of rule defining a function aofis sometimes called
a piecewise-defined functiorin this book, we shall usually focus on functions
given by simpler symbolic expressions. However, be awattiecewise-defined
functionsdo arise naturally in applications. For example, in electtsnivhen a

6 volt battery-powered flashlight is powered on or off usingvteh, the voltage
to the lightbulb is modeled by a piecewise-defined functidwcv has the valué
when the device is off anéwhen it is switched on.

When two variables are so related that the value of the firshbierdepends on
the value of the second variable, then the first variableigs teabe afunctionof
the second variable.

Nearly all scientific problems deal with quantities and tielas of this sort, and
in the experiences of everyday life we are continually nmgetionditions illus-
trating the dependence of one quantity on another. Fomuostdhe weight a man
is able to lift depends on his strength, other things beingaedsimilarly, the dis-
tance a boy can run may be considered as depending on theQmnee may say
that the area of a square is a function of the length of a sitkflze volume of a
sphere is a function of its diameter.

1.5 Notation of functions

The symbolf(z) is used to denote a function of and is read f of z”. In order
to distinguish between different functions, the prefixdtelels changed, a&(z),
o(x), f'(x), etc.

During any investigation the same functional symbol alwiagiicates the same
law of dependence of the function upon the variable. In thepker cases this
law takes the form of a series of analytical operations upanvariable. Hence,
in such a case, the same functional symbol will indicate #mesoperations or
series of operations, even though applied to different tjiies Thus, if

f(z) = 2* — 9z + 14,

3



1.5. NOTATION OF FUNCTIONS

then

fly) =" — 9y + 14.
Also

f(a) = a® — 9a + 14,

fo+1)=0b+1)*-9b+1)+14=0b>—Tb+6,
f(0)=0%—9-0+ 14 = 14,
f(—=1) = (=1 = 9(—1) + 14 = 24,
f(3)=3>-9-3+14 = —4,

f()=7-9-7T+14=0,

etc. Similarly,¢(z, y) denotes a function of andy, and is read ¢ of x andy”.
If

¢(x, y) =sin(z +y),

then

o(a, b) =sin(a +b),
and - -

¢(§,O> =sin—- =1
Again, if

F(z, y, z) =2z + 3y — 12z,
then
F(m, —m, m) =2m — 3m — 12m = —13m.

and

F(3,2,1)=2-343-2-12-1=0.

Evidently this system of notation may be extended indefinite
You can define a function iBage in several ways:

Sage

sage: x,y = var("x,y")

sage: f = log(sqrt(x))

sage: f(4)

log(4)/2

sage: f(4).simplify_log()

log(2)

sage: f = lambda x: (x"2+1)/2
sage: f(x)

(X2 + 1)2

sage: f(1)




1.6. INDEPENDENT AND DEPENDENT VARIABLES

1

sage: f = lambda Xx,y: xX2+y"2

sage: f(3,4)

25

sage: R.<x> = PolynomialRing(CC,"x")

sage: f = x"2+2

sage: f.roots()

[(1.41421356237309  *I, 1), (2.77555756156289e-17 - 1.41421356237309 *1, 1)]

1.6 Independent and dependent variables

The second variable, to which values may be assigned atypieasthin limits
depending on the particular problem, is calleditiependent variableor argu-
ment and the first variable, whose value is determined as sodmeastue of the
independent variable is fixed, is called thependent variableor function

Though we shall wait to introduce differentiation lateegde keep in mind that
you differentiate thelependentariable with respect to thedependenvariable.

Example 1.6.1.In the equation of an upper half-circle of radius

Yy=v - .1'2,
we typically callz the independent variable andthe dependent variable.

Frequently, when we are considering two related variabtas,in our power
to fix upon whichever we please as the independent variabiehdving once
made the choice, no change of independent variable is allowtout certain
precautions and transformations.

One quantity (the dependent variable) may be a function ofdwmore other
guantities (the independent variables, or arguments). ekample, the cost of
cloth is a function of both the quality and quantity; the aodéa triangle is a
function of the base and altitude; the volume of a rectancpaaallelepiped is a
function of its three dimensions.

IntheSage example below is the independent variable arfids the dependent
variable.

Sage
sage: t = var(t)
sage: f = function(f, t)
sage: f = cos
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sage: f(pi/2)

0

sage: (f(-3  *pi)-2 =*f(1))2
(-2 *cos(1) - 1)2

1.7 The domain of a function

The values of the independent variable for which a functfon) is defined is
often referred to as th@omainof the function, denotedomain( f).
Consider the functions

x? —2x + 5, sinx, arctanz

of the independent variable Denoting the dependent variable in each casg, by
we may write

y=1a2—2r+5, y=sinz, y=arctanz.

In each casg (the value of the function) is known, or, as we say, definedafio
values ofz. We write in this casedomain(f) = R. This is not by any means
true of all functions, as the following examples illustratithe more common
exceptions will show.

a
r—20b
Here the value of) (i.e. the function) is defined for all values ofexceptr = b.

Whenx = b the divisor becomes zero and the valugy agannot be computed from
(1.1). We write in this caselomain(y) = R — {b}.

y= (1.1)

y= . (1.2)

In this case the function is defined only for positive valukes.oNegative values

of x give imaginary values fog, and these must be excluded here, where we are
confining ourselves to real numbers only. We write in thisecdsmain(y) =

{r eR|z>0}.

y = log, x. a>0 (1.3)

6



1.8. EXERCISES

Here y is defined only for positive values of. For negative values of this
function does not exist (see 2.7).

Yy = arcsinx, y = arccos x. (1.4)

Since sines, and cosines cannot become greatertharor less than-1, it fol-
lows that the above functions are defined for all values cdnging from—1 to
+1 inclusive, but for no other values.

Sage
sage: t = var("t”)
sage: f = function(f, t)
sage: g = function('g, t)
sage: f = sin
sage: g = asin

sage: f(g(t))
t
sage: g(f(t)
t
sage: 9(f(0.2))

0.200000000000000

1.8 Exercises

1. Givenf(z) = x* — 10x? 4+ 31z — 30; show that

f(0)==30, f(y) =y’ —10y* + 31y — 30,
f(2) =0, f(a)=a’>—10a®+ 31a — 30,
fB)=f(5), flyz) =y’2" = 10y°2° + 31yz — 30,
f(1) > f(=3), f(z—2)=2a>— 162+ 83z — 140,
f(=1)=6f(6).
2. If f(z) = 2® — 32+ 2,find £(0), (1), f(=1), f (=3), F (3).

7
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EXERCISES

11.

12.

.M F(z) = 2z, find F(0), F(-3), F (

N f(x) = 2% — 1022 + 31z — 30, and¢(z) = 2* — 5522 — 210z — 216,

show that

f(2) = ¢(=2), f(3) = ¢(=3), f(5)

d(—4), £(0) + ¢(0) + 246 = 0.
), F(—

1
3

: leenF( ) =x(x—1)(z+6) (x—%)( ) show thatF(0) = F(1) =

=F(3) = ( 1=

If f(my) = =1, show that/(m)=/m) _ mi—m,

T+ f(ma) f(me) — 1+mimz”

. Mf ¢(x) = a®, show thatp(y) - ¢(z) = ¢(y + 2).
. Giveng(z) = log 172, show thaip(z) + ¢(y) = ¢ (%)

. If f(¢) = cos ¢, show thatf (¢) = f(—=¢) = —f(7 — @) = —f(7 + 9).
10.

If F(6) = tan @, show thatF'(26) = %

Here’s how to us&age to verify the double angle identity farn above:
Sage

sage:. theta = var("theta")
sage: tan(2 *theta).expand_trig()
2+tan(theta)/(1 - tan(theta)™2)

Giveny(x) = 2> + z?™ 4 1, show that)(1) = 3, (0) = 1, andy)(a) =
Y (—a), for any real numbes (Hint: Use the fact that—1)? = 1.)

If f(2) = 57, (vV2).




CHAPTER
TWO

Theory of limits

In this book, avariabledenotes a quantity which takes values in the real numbers.

2.1 Limit of a variable

If a variablev takes on successively a series of values that approachrreeate
nearer to a constant valuein such a manner that — L| becomes and remains
less than any assigned arbitrarily small positive quarttigno is said to approach
the limit L, or to converge to the limiL.. Symbolically this is writterlim,,—;,, or
more commonly

lim .
v—L

The following familiar examples illustrate what is meant:

1. As the number of sides of a regular inscribed polygon i€fimitely in-
creased, the limit of the area of the polygon is the area otitieée. In this
case the variable is always less than its limit.

2. Similarly, the limit of the area of the circumscribed pgpiy is also the area
of the circle, but now the variable is always greater thahntg.

3. Hold a penny exactly meter above the ground and observe its motion as
you release it. First it travels 1/2 the distance from theaugtb(at this stage
its distance fallen id /2 meter), then it travels 1/2 that distance from the

9



2.1. LIMIT OF A VARIABLE

ground (at this stage its distance fallerjQ + 1/4 meter), then it travels
1/2 that distance from the ground (at this stage its distéalten is1/2 +
1/4 4 1/8 meter), and so on. This leads us to the series

LA S U I
2 4 8 2k '
Since the penny hits the ground, this infinite sunh.i¢This computational

idea goes back to the Greek scholar Archimedes, c. 287 BC dBe1p
4. Consider the series
1 1 1 -1
1— 4+ - Z4... —
2 + 4 8 * +( 2

The sum of any even numbgln) of the first terms of this series is

K (2.1)

= 27 (2.2)

37 322Dy
by item 6, Chl 12§12.1. Similarly, the sum of any odd numb@r + 1) of
the first terms of the series is

1 1 1 1 1
Sont1 :1_1§+Z_§+"'_W+ﬁ7
S S|
2n+1
= =l (2.3)

-1
2
=+ 5
again by item 6, Ch. 1212.1.
Writing (2.2) and/(2.3) in the forms

2 1 2 1
. Sn s Sn = 5 a0
3 7T 3.1 2l T3 7 3.9
we have .
Jim (5_52”) = s =0
and




2.1. LIMIT OF A VARIABLE

Hence, by definition of the limit of a variable, it is seen tbhath S,,, and
So,41 are variables approachir’@ as a limit as the number of terms in-
creases without limit.

Summing up the first two, three, four, etc., terms of (2.19,gahms are found
by ((2.2) and ((2.3) to be alternately less and greater §1aii1ustrating
the case when the variable, in this case the sum of the terr({2.4), is
alternately less and greater than its limit.

Sage

sage: S = lambda n: add([(-1)i *2°(-i) for i in range(n)])
sage: RR(S(1)); RR(S(2)); RR(S(5)); RR(S(10)); RR(S(20))
1.00000000000000

0.500000000000000

0.687500000000000

0.666015625000000

0.666666030883789

You can see from th&age example that the limit does indeed seem to
approach2/3.

In the examples shown the variable never reaches its lintits i not by any
means always the case, for from the definition of the limit g&gable it is clear
that the essence of the definition is simply that the abseohltes of the difference
between the variable and its limit shall ultimately becomd aemain less than
any positive number we may choose, however small.

Example 2.1.1.As an example illustrating the fact that the variable mayctea
its limit, consider the following. Let a series of regular pgbns be inscribed in
a circle, the number of sides increasing indefinitely. Chiogsinyone of these,
construct. the circumscribed polygon whose sides touchitble @t the vertices
of the inscribed polygon. Let, and P, be the perimeters of the inscribed and
circumscribed polygons ot sides, and”' the circumference of the circle, and
suppose the values of a variaht¢o be as follows:

Pna Pn+1, C) Pn-i-la Pn+2, C) PTL+27 etc.
Then, evidently,

limx=C

Tr—00

and the limit is reached by the variable, every third valuéhefvariable being’.

11



2.2. DIVISION BY ZERO EXCLUDED

2.2 Division by zero excluded

% is indeterminate. For the quotient of two numbers is that Ibemwhich multi-
plied by the divisor will give the dividend. But any number wé&aer multiplied
by zero gives zero, and the quotient is indeterminate; hainy number whatever
may be considered as the quotient, a result which is of neevalu

5 has no meaning; being different from zero, for there exists no number such
that if it be multiplied by zero, the product will equal

Therefore division by zero is not an admissible operation.

Care should be taken not to divide by zero inadverterithe following fallacy
is an illustration. Assume that

a=>o.
Then evidently
ab = a>.
Subtracting?,
ab—b? = a®> — b
Factoring,
b(a—b) = (a+b)(a—b).
Dividing by a — b,

b=a+b.

But a = b, thereforeh = 2b, or, 1 = 2. The result is absurd, and is caused by the
fact that we divided by, — b = 0, which is illegal.

2.3 Infinitesimals

Definition 2.3.1. A variablev whose limit is zero is called an infinitesilﬂal

This is written

lim, or, lim,
v=0 v—0
and means that the successive absolute valuesiibimately become and remain
less than any positive number however small. Such a variatslaid to become

“arbitrarily small.”

'Hence a constant, no matter how small it may be, is not an fegimal.

12



2.4. THE CONCEPT OF INFINITY ¢o)

If limv = [, thenlim(v — ) = 0; that is, the difference between a variable and
its limit is an infinitesimal.

Conversely, if the difference between a variable and a cah&an infinitesi-
mal, then the variable approaches the constant as a limit.

2.4 The concept of infinity (o)

If a variablev ultimately becomes and remains greater than any assigrséil/po
number, however large, we sayis “unbounded and positive ” (or “increases
without limit”), and write

lim , or, lim , or, v — +0o0.
V=00 v—+00

If a variablev ultimately becomes and remains smaller than any assigrgadine
number, we say “unbounded and negative ” (oidecreases without limit”), and
write

lim , or, lim , or, v — —o0.
V=—00 V——00

If a variablev ultimately becomes and remains in absolute value greaerahy
assigned positive number, however large, wewsan absolute value, “increases
without limit”, or v becomes arbitrarily Iar@eand write

lim, or, lim, or, v — oo.

V=00 vV—00

Infinity (oco) is not a number; it simply serves to characterize a padramode of
variation of a variable by virtue of which it becomes arhilgelarge.

Here is aSage example illustratingim;_., 1/t = lim;—_, 1/t = 0.
Sage

sage: t = var(t)
sage: limit(1/t, t = Infinity)

20n account of the notation used and for the sake of uniforrtiiy expression — +oo is
sometimes readv*approaches the limit plus infinity”. Similarly, — —oo is read v approaches
the limit minus infinity”, andv — oo is read v, in absolute value, approaches the limit infinity”.
While the above notation is convenient to use in this conapcthe student must not forget that
infinity is not a limit in the sense in which we defined it§@.2, for infinity is not a number at all.

13



2.5. LIMITING VALUE OF A FUNCTION

0
sage: limit(1/t, t = -Infinity)
0

2.5 Limiting value of a function

Given a functionf(z). If the independent variabletakes on any series of values
such that
limz = a,
and at the same time the dependent variglole takes on a series of correspond-
ing values such that
lim f(z) = A,

then as a single statement this is written

lim f(x) = A.
Here is an example of a limit usirfgage :
Sage
sage: limit((x"2+1)/(2+x+3 * X" 2),x=infinity)
1/3
; : 2241 1
This tells us thatim, ... 5755 = 3.

2.6 Continuous and discontinuous functions

A function f(z) is said to becontinuousfor x = « if the limiting value of the
function whenr approaches the limit in any manner is the value assigned to the
function forz = a. In symbols, if

lim f(z) = f(a),

r—a

14



2.6. CONTINUOUS AND DISCONTINUOUS FUNCTIONS

then f(x) is continuous forr = a. Roughly speaking, a functiopn = f(x) is
continuous if you can draw its graph by hand without liftinguy pencil off the
paper. In other words, the graph of a continuous functionhee no “breaks.”

Example 2.6.1.The piecewise constant function

1, x>0,
u@) =93¢ »<0

is not continuous since its graph has a “break”at= 0 where it “steps up” from
0 to 1. This function models “on-off” switches in electrical engaring and is
called the unit step function or the Heaviside functiongathe brilliant engineer
Oliver Heaviside, 1850 1925).

The function is said to bdiscontinuoudor x = « if this condition is not satis-
fied. For example, if

lim f(x) = o0,

the function is discontinuous far = a.
Sage

sage: t = var(’t)

sage: Pl = plot(1/t, (t, -5, -0.1))
sage: P2 = plot(1/t, (t, 0.1, 5))
sage: show(P1+P2, aspect ratio=1)
sage: limit(1/t,t=0,dir="plus")
+Infinity

sage: limit(1/t,t=0,dir="minus")
-Infinity

The graph in Figure 2.1 suggests that, .o, 1/2 = 400 andlim, ., 1/z =
—o00, as the abov&age computation confirms.

The attention of the student is now called to the followingesawhich occur
frequently.
CASE I. As an example illustrating a simple case of a function cadus for a
particular value of the variable, consider the function

2?4

fla) =S

15



2.6. CONTINUOUS AND DISCONTINUOUS FUNCTIONS

10

-10+

Figure 2.1: The limitdim, .o, 1/ = 400, lim, o 1/x = —c0.

Forz =1, f(x) = f(1) = 3. Moreover, ifz approaches the limitin any manner,
the functionf(z) approaches as a limit. Hence the function is continuous for
r=1.

Sage

sage: x = var(’x)
sage: limit((x"2-4)/(x-2), x = 1)
3

16



2.6. CONTINUOUS AND DISCONTINUOUS FUNCTIONS

CASE II. The definition of a continuous function assumes that thetfan is
already defined for = a. If this is not the case, however, it is sometimes possible
to assign such a value to the function for= « that the condition of continuity
shall be satisfied. The following theorem covers these cases

Theorem 2.6.1.1f f(z) is not defined for: = a, and if
lim f(x) = B,

then f(z) will be continuous for: = a, if B is assumed as the value ffz) for
Tr = Q.

Thus the function
2 —4
xr— 2

is not defined forr = 2 (since then there would be division by zero). But for
every other value of,

1.2

x+2 Tt5
and
lin;(x+2) =1

thereforelim,_.» % = 4. Although the function is not defined far= 2, if we
assign it the valud for x = 2, it then becomes continuous for this value.

Sage

sage: x = var(’x)
sage: limit((x"2-4)/(x-2), x = 2)
4

A function f(x) is said to becontinuous in an intervalvhen it is continuous for
all values ofz in this intervaf.

3In this book we shall deal only with functions which are in geal continuous, that is, con-
tinuous for all values oft, with the possible exception of certain isolated values,reaults in

17



2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

2.7 Continuity and discontinuity of functions illus-
trated by their graphs

1. Consider the function?, and let

y =’ (2.4)

If we assume values for x and calculate the correspondingesadf y, we
can plot a series of points. Drawing a smooth line free-h&nough these
points: a good representation of the general behavior ofuhetion may
be obtained. This picture or image of the function is caltsgjiaph It is
evidently the locus of all points satisfying equation (2.4)

It is very easy to create the above plotSage , as the example below
shows:
Sage

sage:. P = plot(x"2,-2,2)
sage: show(P)

Such a series or assemblage of points is also calmd\ae Evidently we
may assume values af so near together as to bring the valueg,dand
therefore the points of the curve) as near together as waelea other
words, there are no breaks in the curve, and the funetfois continuous
for all values ofz.

2. The graph of the continuous functisim x, plotted by drawing the locus of
y = sin z,
It is seen that no break in the curve occurs anywhere.

3. The continuous functioarp(z) = e* is of very frequent occurrence in the
Calculus. If we plot its graph from

general being understood as valid only for such values foir which the function in question is
actually continuous. Unless special attention is calledeto, we shall as a rule pay no attention
to the possibilities of such exceptional valuesedior which the function is discontinuous. The
definition of a continuous function f(x) is sometimes roygfdut imperfectly) summed up in the
statement that a small changeairshall produce a small change fitz). We shall not consider
functions having an infinite number of oscillations in a lied region.

18



2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

-2 -15 -1 0.5 05 1 15 2

Figure 2.2: The parabola= 22

y=ce", (e=2.718--+),
we get a smooth curve as shown.
From this it is clearly seen that,

(@) whenz =0, lim,_oy(= lim, g e*) = 1;

(b) whenz > 0, y(= €") is positive and increases as we pass towards the
right from the origin;

(c) whenz < 0, y(= e*) is still positive and decreases as we pass towards
the left from the origin.

19



2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

075 —

025

Figure 2.3: The sine function.

4. The functionin x = log, x is closely related to the last one discussed. In
fact, if we plot its graph from

y = ]'Oge 'r’

it will be seen that its graph is the reflection of the graphy et ¢* about
the diagonal (the = y line). (This is because they are “inverses” of each
other:log, (e*) = x ande!®® * = 1.)

Here we see the following facts pictured:

(@) Forx =1,log, = =1log, 1 =0.
(b) Forz > 1, log, «x is positive and increases asncreases.

(c) Forl > z > 0, log, « is negative and increases in absolute value as
x, thatis,lim, g log © = —cc.

(d) Forz <0,log, xis notdefined; hence the entire graph lies to the right
of OY.

5. Consider the functioé, and set

20



2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

Figure 2.4: The exponential function.

Yy==
T

If the graph of this function be plotted, it will be seen thatraapproaches
the value zero from the left (negatively), the points of theve ultimately
drop down an infinitely great distance, and:aapproaches the value zero
from the right, the curve extends upward infinitely far.

The curve then does not form a continuous branch from onditie other
of the axis ofy, showing graphically that the function is discontinuous fo
z = 0, but continuous for all other values of

6. From the graph (see Figure 2.7) of

B 2x
1 — g2

Y

21



2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

05—

Figure 2.5: The natural logarithm.

it is seen that the functioﬁ% is discontinuous for the two values= =1,
but continuous for all other values of

22



2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

Figure 2.6: The functiong = 1/z.

7. The graph of
y=tan x

shows that the functioman x is discontinuous for infinitely many values
of the independent variablg, namely,z = =7, wheren denotes any odd
positive or negative integer.

8. The functiomrctan z has infinitely many values for a given valuexfthe
graph of equation
Yy = arctan x

consisting of infinitely many branches.

If, however, we confine ourselves to any single branch, thetfan is con-
tinuous. For instance, if we say thashall be the smallest angle (in radians)
whose tangent is, that is,y shall take on only values betweer; and 7,
then we are limited to the branch passing through the oramd,the condi-
tion for continuity is satisfied.
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2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

B

ot i

Figure 2.7: The functiony = 2z /(1 — 2?).

9. Similarly, arctan % is found to be a many-valued function. Confining our-
selves to one branch of the graph of

Yy = arctan —,
T

we see that as approaches zero from the leftapproaches the limitZ,
and asr approaches zero from the rightapproaches the limit-7. Hence
the function is discontinuous when = 0. Its value forr = 0 can be
assigned at pleasure.

10. As was previously mentioned pgéecewise-defined functios one which is
defined by different rules on different non-overlappingimals. For exam-
ple,
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2.7. CONTINUITY AND DISCONTINUITY OF FUNCTIONS
ILLUSTRATED BY THEIR GRAPHS

Figure 2.8: The tangent function.

—1, r < —m/2,

flz) =1 sin(z), n/2<z<m7/2,
1, /2 < .
is a continuous piecewise-defined function.
For example,
-1, =z < -2,
fle)=4 3, —2<z<3,
2, 3<ux.

is a discontinuous piecewise-defined function, with jumgrdntinuities at
r = —2andzr = 3.

Sage

sage: f = piecewise([[(-5,-2),-1],[(-2,3),3].[(3,5),2] )

25



2.8.

FUNDAMENTAL THEOREMS ON LIMITS

Figure 2.9: The arctangent (or inverse tangent) function.

sage: f
Piecewise defined function with 3 parts,
[[(_5! _2)! _1]! [(_27 3)1 3]1 [(31 5)1 2]]

Functions exist which are discontinuous for every valudefihdependent vari-
able within a certain range. In the ordinary applicationthefCalculus, however,
we deal with functions which are discontinuous (if at all)yofor certain iso-
lated values of the independent variable; such functioaedteerefore in general
continuous, and are the only ones considered in this book.

2.8 Fundamental theorems on limits

In problems involving limits the use of one or more of the daling theorems is
usually implied. It is assumed that the limit of each varagskists and is finite.
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2.8. FUNDAMENTAL THEOREMS ON LIMITS

051

Figure 2.10: The functiop = arctan(1/x).

Theorem 2.8.1.The limit of the algebraic sum of a finite number of variables i
equal to the algebraic sum of the limits of the several véegb
In particular,

lim[f(z) + g(z)] = lim f(z) + lim g(z).
Theorem 2.8.2.The limit of the product of a finite number of variables is elqua
to the product of the limits of the several variables.
In particular,

lim[f(2) - g(a)] = lim f(2) - lim g(z).

r—a r—a r—a

Here is aSage example illustrating these facts in a special case.

Sage
sage: t = var(t)
sage: f = exp
sage: g = sin
sage: a = var('a)
sage: L1 = limit(f(t)+g(t), t = a)
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2.8. FUNDAMENTAL THEOREMS ON LIMITS

Figure 2.11: A piecewise-defined function.

sage: L2 = limit(f(t),t=a)+lim(g(t), t = a)
sage: bool(L1 == L2)

True

sage: L1; L2

sin(a) + e"a

sin(a) + e"a

sage: L1 = limit(f(t) *g(t), t = a)
sage: L2 = limit(f(t),t=a) *lim(g(t), t = a)
sage: bool(L1 == L2)

True

sage: L1; L2

e"a *sin(a)

€"a *sin(a)

Theorem 2.8.3.The limit of the quotient of two variables is equal to the deot
of the limits of the separate variables, provided the limhihe denominator is not
zero.
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2.8. FUNDAMENTAL THEOREMS ON LIMITS

Figure 2.12: Another piecewise defined function.

In particular,

lim(7(2)(0)] = o=l

z—a © limy g g(x)

providedlim, ., g(x) # 0.

bl

Before proving these theorems it is necessary to establksfofowing proper-
ties of infinitesimals (Definition 2.3/1).

1. The sum of a finite number of infinitesimals is an infinitesimTo prove
this we must show that the absolute value of this sum can be iead than
any small positive quantity (ag that may be assigned2.3). That this
is possible is evident, for, the limit of each infinitesimality zero, each
one can be made less than, in absolute vafué, being the number of

infinitesimals), and therefore the absolute value of themn £an be made
less thar.

. The product of a constant# 0 and an infinitesimal is an infinitesimal. For
the absolute value of the product can always be made lessathaamall
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2.8. FUNDAMENTAL THEOREMS ON LIMITS

positive quantity (as) by making the absolute value of the infinitesimal less
than=

le] *

3. If v is a variable which approaches a linditdifferent from zero, then the
guotient of an infinitesimal by is also an infinitesimal. For it — L,
andk is any number in absolute value less tharthen, by definition of a
limit, v will ultimately become and remain in absolute value grettian
k. Hence the quotiertt, wheree is an infinitesimal, will ultimately become
and remain in absolute value less tharand is therefore, by the previous
item, an infinitesimal.

4. The product of any finite number of infinitesimals is an iésimal. For
the absolute value of the product may be made less than arllysrasive
guantity that can be assigned. If the given product contaifastors, then
since each infinitesimal may be assumed less than theh root of ¢, the
product can be made less thaitself.

Proof of Theorem 2.8/ 1Let v, vy, vs, ... be the variables, anfl;, L, L, ...
their respective limits. We may then write
v — Ly = €1, v9— Ly =€y, v3— L3 = €3,

whereey, €, €3, ... are infinitesimals (i.e. variables having zero for a limit).
Adding

(v+va+vs+...)— L1+ Lo+ Ls+..)=(e1+ea+€e3+...).

Since the right-hand member is an infinitesimal by item (bvat§2.8), we have,
from the converse theorerfi2.3),

11II1(U1+UQ+U3+...):L1+L2+L3+...,
or,

lim(v; + va +v3+...) =limv; + limvg + limvg + .. .,

which was to be proved. O
Proof of Theorem 2.8.2.etv; anduv, be the variabled,; andL, their respective
limits, ande; ande, infinitesimals; then

vy =L+ ¢
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2.9. SPECIAL LIMITING VALUES

andvy, = Ly + €5. Multiplying,

+ €1) (L2 + €2)

vivy = (L
= L1L2 + L1€2 + LQEl + €1€9

or,

V1Ug — L]_L2 = L1€2 + L2€1 + €1€9.
Since the right-hand member is an infinitesimal by items it} @) above, 42.8),
we have, as before,

lim(vivg) = L1 Ly = lim vy - lim vy,

which was to be proved. [
Proof of Theorem 2.8.3Jsing the same notation as before,

U2—L2+€2—L_2

2 L1+€1_L1+ L1+€1 L1
L2+€2 L2 ’

or,

U1 Ly Loey — L€y

v Ly Ly(Ly + €2)
Here again the right-hand member is an infinitesimal by it8pabove, §2.8), if

Ly # 0; hence
1. U1 Ll hm U1
m(— | =—=
Vo LQ lim UQ7

which was to be proved. [
It is evident that if any of the variables be replaced by canist, our reasoning
still holds, and the above theorems are true.

2.9 Special limiting values

The following examples are of special importance in thegtfdhe Calculus. In
the following exampleg > 0 andc # 0.
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2.10. SHOW THATLIM y_, 98X =1

Eqgn number Written in the form of limits Abbreviated form aftased
() lim, .o £ = oo o =00

(2) lim, . cx = 00 c-00 =00
3) lim, .o £ = 00 = =00

(4) lim, 0 € =0 < =0

(5) lim, . . a*,= 400, whena < 1 a~>* = +o00
(6) lim, ., a* = 0, whena < 1 at™ =0

(7) lim, . . a” =0, whena > 1 a=>* =0

(8) lim, ., o a® = 400, whena > 1 at® = +o0
(9) lim, g log, = = +o00, whena < 1 log, 0 =400
(10) lim, ., log, © = —o00, whena < 1 log,(+00) = —o0
(11) lim, . log, © = —o0, whena > 1 log, 0 = —o0
(12) lim, ., log, * = 400, whena > 1 log, (4+00) = +00

The expressions in the last column are not to be consideregdpmsssing nu-
merical equalitiesdo not being a number); they are merely symbolical equations
implying the relations indicated in the first column, andw@idde so understood.

2.10 Show thatlim, 2% = 1

To motivate the limit computation of this section, usiBgge we compute a
number of values of the functio#*, asz gets closer and closer o

X

‘0.5000 0.2500 0.1250 0.06250 0.03125

) 10,9589 0.9896 0.9974 0.9994
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2.10. SHOW THATLIM y_o 8% =1

Indeed, if we refer to the table i§l2.4, it will be seen that for all angles less
than10° the angle in radians and the sine of that angle are equal ¢e theci-
mal places. To compute the table of values above uSige , simply use the
following commands.

Sage

sage: f = lambda x: sin(x)/x

sage: R = RealField(15)

sage: L = [1/27% for i in range(1,6)]; L
[1/2, 1/4, 1/8, 1/16, 1/32]

sage: [R(x) for x in L]

[0.5000, 0.2500, 0.1250, 0.06250, 0.03125]
sage: [R(f(x)) for x in L]

[0.9589, 0.9896, 0.9974, 0.9994, 0.9998]

From this we may well suspect thiin,, o 822 = 1.

€T

Let O be the center of a circle whose radius is unity.
Letarc AM = arc AM' = z, and letMT and M'T be tangents drawn to the

circle atM and M’ (see Figure 2.13).
Using the geometry in Figure 2.13), we find that

MPM < MAM' < MTM;

or2sin x < 2x < 2tan z. Dividing through by2sin x, we get

T 1
<

1<

sinx  cos x
If now = approaches the limit zero,

. X

lim —

z—0 SIn @
must lie between the constahtand lim,_.q ﬁ which is alsol. Therefore
lim, g %= = 1, or,lim,_, ¥2£ = 1 Theorem 2.8.3. O

It is interesting to note the behavior of this function framgraph, the locus of
equation
sin x
y =

X
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2.11. THE NUMBERE

Figure 2.13: Comparing andsin(x) on the unit circle.

Although the function is not defined far= 0, yet it is not discontinuous when
z = 0 if we define®22 — 1 (see Case Il i2.6).
Finally, we show how to use thf@age commandimit to compute the limit

above.
Sage

sage: limit(sin(x)/x,x=0)
1

2.11 The numbere

One of the most important limits in the Calculus is

lm(1+z)r =2.71828-- = ¢

r—0
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Figure 2.14: The functiof*,

To prove rigorously that such a limit exists, is beyond the scope of this book.
For the present we shall content ourselves by plotting tbedof the equation

y=(1+a)
and show graphically that, as=0, the function(1 + =)= (= y) takes on values in
the near neighborhood af718 .. . ., and therefore = 2.718 ..., approximately.

T ‘ -1 -.001 .001 .01 1 1 5 10
y=(1+z)t/= ‘ 2.8680 2.7195 2.7169 2.7048 25937 2.0000 1.4310 1.0096

As z — 0— from the left,y decreases and approachess a limit. Asx — 0+
from the right,y increases and also approaches a limit.

As © — oo, y approaches the limit; and asx — —1+ from the right,y
increases without limit.

Natural logarithms are those which have the numbér base. These loga-
rithms play a very important rle in mathematics. When the lss®t indicated
explicitly, the base: is always understood in what follows in this book. Thus
log, v is written simplylog v orIn v.

Natural logarithms possess the following characteristapprty: Ifz — 0 in
any way whatever,
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2.12. EXPRESSIONS ASSUMING THE FORK

201

151

Figure 2.15: The functiol + z)'/=.

log(1
lim 281 )

1
p

= limlog(l 4+ z)= =log e =Ine = 1.

X

2.12 Expressions assuming the forrg

As oo is not a number, the expression + oo is indeterminate. To evaluate
a fraction assuming this form, the numerator and denomiramg algebraic
functions, we shall find useful the following

RULE. Divide both numerator and denominator by the highest podtreovari-
able occurring in either. Then substitute the value of theatée.

Example 2.12.1.Evaluate
Solution. Substituting directly, we get
223 =322 +4 o0
llm —mM—— = —
a—oo by — 22 — 713 0
which is indeterminate. Hence, following the above rule divéde both numera-
tor and denominator by*, Then
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L 23 —322+4 . 2-324 % 2
hm—:hm“—lmz——.
z—00 by — 1% — Ta?  a—oo 5 — - =7 7

2.13 Exercises

Prove the following:

1. lim, o (224) = 1.

Solution:
i, o () =i, (1+ 1)
= lim,_.o(1) + limz — oo (2)
=140=1,
by Theorem 2.8/1
2. lim (wzﬂm) =1
' =00 |\ 5342 3
Solution:

. x4 2x ) 142
lim = lim = z

[ Dividing both numerator and denominator 1¥.]

i (142)

limy o (5 - 3)

by Theorem 2.8.3

L limp (1) Flime e (2) 140 1

o limyeo () —lim,_o(3)  0-3 3

by Theorem 2.8.1.

22—2x4+5 _ 1

3. lim,_,; o 5
3z 4622

4. lim,_,o ST =

_2
=
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: 2241 _
5. lim,_,_» o13 = D.

6. limy, .o(3az? — 2hx + 5h?) = 3az?.

7. lim, .o (ax® + bz + ¢) = 0.

. (x—k)2—2ka®
8. limy_. ) 1
' T—00 33242x—1 ~ 37

10. lim, o 525 = 0.

. cos(a—a)
11. llmaqg m = —tana.

az’+bztc _ a
dr?+ex+f — d°

12, lim, .
13. lim,_o %(ea +e7a) = a.

: 2234322
14. hmzﬂo 3 = Q.

15. lim, 0

16. lim, o -2 = 1.

: (1) _

18. lim, ,; ==L = 3.

s—1

(zth)"—a n—1

19. limy,_.g - =nx

20. limy—g [cos(f + h)=2E] = cos.

da?—x

4-3z2

21. lim, . —%.

l—cos® __ 1
62 2

22. limy_o

Here is an example of the above limit usiSgge :
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Sage

sage: theta = var("theta")
sage: limit((1 - cos(theta))/(theta"2),theta=0)
1/2

This implies that, for small values df, cos(§) = 1 — 362, (This is an
approximation accurate to several decimal placesfox: 1/4.)

23. lim,_,, ﬁ = —o0, If x Is increasing as it approaches the value

24. lim,_,, —— = +o0, if z is decreasing as it approaches the value

r—a
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CHAPTER
THREE

Differentiation

3.1 Introduction

In this chapter, we investigate the ways in which a functian change in value
as the independent variable changes. For instangé;)ifs a function oft (time),
we want to quantify what it means to talk about the “rate ofrged of f(¢).
A fundamental problem of differential calculus is to eststiola mathematically
precise measure of this change in the function.

It was while investigating problems of this sort that Newktovas led to the
discovery of the fundamental principles of calculus. Tqdagpttfried Leibniz
(1646-1716) is generally credited with independently ohgeing calculus around
the same ti

1Sir Isaac Newton (1642-1727), an Englishman, was a man ahtyst extraordinary genius.
He developed the science of calculus under the name of ‘Gihgxi Although Newton had discov-
ered and made use of the new theory as early as 1670, his fghped work in which it occurs is
dated 1687, having the titRhilosophiae Naturalis Principia Mathematica This was Newton’s
principal work. Laplace said of it, “It will always remaingeminent above all other productions
of the human mind.” See frontispiece.

2However, sedttp://en.wikipedia.org/wiki/Newton _v. _Leibniz _calculus _controversy

and the footnote i§3.9 below.

41



3.2. INCREMENTS

3.2 Increments

The incrementof a variable in changing from one numerical value to another
the difference found by subtracting the first value from theond. An increment
of z is denoted by the symbdiz, read “deltar” and typically to be regarded as “a
small change in:.” (The student is warned against reading this symbol agéddel
timesz.”) Evidently this increment may be either positive or négataccording
as the variable in changing is increasing or decreasingluev&imilarly,

e Ay denotes an increment of
e A¢ denotes an increment of

e Af(x) denotes an incremerftz), etc.

Ifin y = f(x) the independent variable takes on an incrementz, thenAy
is always understood to denote the For examplé&aif= z; — x4 then

Ay =y1 —yo = f(x1) — f(20) = f(x0 + A) — f(0).

Example 3.2.1.For instance, consider the function

y = 2°.

Assumingz = 10 for the initial value ofz fixesy = 100 as the initial value of;.
Supposer increases ta = 12, that is,Ax = 2; theny increases tg = 144, and
Ay = 44. Supposer decreases to = 9, that is,Az = —1; theny increases to
y = 81, andAy = —109.

Sage

sage: x = var("x")

sage: f(x) = x2; y = f(X)

sage: Deltax = 2; x0 = 10

sage: Deltay = f(x0 + Deltax) - f(x0)
sage: Deltay
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3.3. COMPARISON OF INCREMENTS

3.3 Comparison of increments

Consider the function

= 1'2.

Assuming a fixed initial value for, let = take on an incremenkz. Theny will
take on a corresponding incremeky, and we have

y+ Ay = (v + Azx)?,

or,

y+ Ay = 2° + 27 - Az + (Az)>

Subtractingy = 22 from this,

Ay =22 - Az + (Ax)?, (3.1)

we get the incremenky in terms ofr andAx. To find the ratio of the increments,
divide (3.1) byAz, giving

A
A—isz—l—Am.

If the initial value ofz is 4, it is evident that
. Ay
Alglclilo Az 8.

Let us carefully note the behavior of the ratio of the incrateefz andy as the
increment ofr diminishes.

Initial New Increment Initial New Increment

value ofr value ofr Ax value ofy valueofy Ay %

4 5.0 1.0 16 25. 9. 9.

4 4.8 0.8 16 23.04 7.04 8.8
4 4.6 0.6 16 21.16 5.16 8.6
4 4.4 0.4 16 19.36 3.36 8.4
4 4.2 0.2 16 17.64 1.64 8.2

4 4.1 0.1 16 16.81 0.81 8.1

4 4.01 0.01 16 16.0801 0.0801 8.01

43



3.4. DERIVATIVE OF A FUNCTION OF ONE VARIABLE

It is apparent that a& x decreases) y also diminishes, but their ratio takes on
the successive valués 8.8, 8.6, 8.4, 8.2, 8.1, 8.01; illustrating the fact thatﬁ—g
can be brought as near &in value as we please by makidgx small enough.
Thereforg,

Ay

A ne ~ "

3.4 Derivative of a function of one variable

The fundamental definition of the Differential Calculus is:

Definition 3.4.1. Thederivativé of a function is the limit of the ratio of the incre-
ment of the function to the increment of the independentide, when the latter
increment varies and approaches the limit zero.

When the limit of this ratio exists, the function is said toditferentiable or to
possess a derivative

The above definition may be given in a more compact form syiodlb) as
follows: Given the function

y = f(x), (3.2)

and consider: to have a fixed value. Let take on an incremen z; then the
functiony takes on an incremen y, the new value of the function being

y+Ay=f(z+Axzx). (3.3)
To find the increment of the function, subtract (3.2) fron8§3giving

Ay=flr+Ax)— f(x).
Dividing by the increment of the variablé, x, we get

Ay flz+Ax) = f(z)
= = v . (3.4)

3The student should guard against the common error of coimgjudat because the numerator
and denominator of a fraction are each approaching zeroiasitathe limit of the value of the
fraction (or ratio) is zero. The limit of the ratio may take any numerical value. In the above
example the limit is3.

4Also called the differential coefficient or the derived ftino.
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3.5. SYMBOLS FOR DERIVATIVES

The limit of this ratio whemA = approaches the limit zero is, from our definition,
the derivative and is denoted by the symg;él Therefore

dy .. flx+Ax)— f(x)
dx_Alggo Ax ’

defines thealerivative ofy [or f(x)] with respect tax. From (3.3), we also get

dy _ o Y
PE— 1im —
dxr  2Az—0 Ax
The process of finding the derivative of a function is calligterentiation

It should be carefully noted that the derivative is the liofithe ratio, not the ra-
tio of the limits. The latter ratio would assume the fogr,rwhich is indeterminate

(52.2).

3.5 Symbols for derivatives

SinceA y andA = are always finite and have definite values, the expression

Ay
Ax
is really a fraction. The symbol

dy
dx’
however, is to be regarded not as a fraction but as the ligwtatue of a fraction.
In many cases it will be seen that this symbol does possesoinal properties,
and later on we shall show how meanings may be attachég &mddz, but for
the present the symb@% is to be considered as a whole.
Since the derivative of a function af is in general also a function af, the
symbol f'(x) is also used to denote the derivativefdf:).
Hence, ify = f(z), we may write? = f’(z), which is read “the derivative of
y With respect tar equalsf prime ofz.” The symbol

d

dx
when considered by itself is called tdéferentiating operatorand indicates that
any function written after it is to be differentiated witrspect tar. Thus
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3.6. DIFFERENTIABLE FUNCTIONS

° j—g or %y indicates the derivative af with respect tar;
e L f(z) indicates the derivative of(x) with respect tor;
o -L(22% 4+ 5) indicates the derivative &fz* + 5 with respect tar;

e ' is an abbreviated form d.

The symbolD, is used by some writers insteadgf. If then

y=f(z),
we may write the identities
dy d
dx dxy of (@) = f(z)

3.6 Differentiable functions

From the theory of limits (Chapter 2), it is clear that if theidative of a function
exists for a certain value of the independent variable, timetfon itself must be
continuous for that value of the variable.

However, the converse is not always true. Functions have beestructed that
are continuous and yet possess no derivative. But in this l@oknly consider
functionsf(x) that possess a derivative for all values of the independeidhle,
save at most for some isolated (discrete) values of

3.7 General rule for differentiation

From the definition of a derivative it is seen that the proadsdifferentiating a
functiony = f(x) consists in taking the following distinct steps:
General rule for differentiatingﬁ:

e FIRST STEP. In the function replaceby = + A z, giving a new value of
the functiony + A y.

e SECOND STEP. Subtract the given value of the function frormthve value
in order to findA y (the increment of the function).

5Also called the Four-step Rule.
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3.7. GENERAL RULE FOR DIFFERENTIATION

e THIRD STEP. Divide the remaindek y (the increment of the function) by
Az (the increment of the independent variable).

e FOURTH STEP. Find the limit of this quotient, whénz (the increment of

the independent variable) varies and approaches the lerot zThis is the
derivative required.

The student should become thoroughly familiar with thigroy applying the

process to a large number of examples. Three such examplemwibe worked
out in detail.

Example 3.7.1.Differentiate3x? + 5.
Solution. Applying the successive steps in the General Rudgyet, after plac-
ing
y=3z2+5,
First step.

y+Ay=3(x+Ax)2+5=32"+6z-Ar + 3(Az)* +5.
Second step.
y+Ay =322 +6z-Ar+3(Az)2+5
Y =32 +5
Ay = 6z - Az + 3(Ax)>.
Third step.2¥ = 62 + 3 - Ax.
Fourth step 2 = 6x. We may also write this

d
— (32 +5) = 6.

dx
Here’s how to us&age to verify this (for simplicity, we set = Ax):
Sage
sage: x = var("x")
sage: h = var("h")

sage: f(x) = 3 *x2 + 5
sage: Deltay = f(x+h)-f(x)
sage: (Deltay/h).expand()
6xx + 3*h
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3.7. GENERAL RULE FOR DIFFERENTIATION

sage: limit((f(x+h)-f(x))/h,h=0)
6* X

sage: diff(f(x),x)

6* X

Example 3.7.2.Differentiatez® — 2z + 7.
Solution. Place = 2® — 2z + 7.
First step.

y+Ay = (r+Ax)3 —2(x+ Azx)+7
=24+ 327 Ax+ 3z (Az)* + (Az)® — 22 —2- Az +7

Second step.

y+Ay =2 +32% Av+ 3z (Ax)* + (Azx)® =20 —2-Ax +7
Yy =2 — 20 +7
Ay =322 Az + 3z - (Az)? + (Az)* — 2 Az

Third Step.% =32% + 3z - Ax + (Az)? — 2.
Fourth step = 32% — 2. Or,

d
E(f)’ — 224+ 7) =32% - 2.
Example 3.7.3.Differentiate 5.
Solution. Placg) = 5.
First stepy + Ay = (HZW :
Second step.

y+ Ay - (ac+cAac)2

y =

o
Third step.§% = —c - 22H4%.
Fourth step s = —c- S = 5. 04 (3) = 2.



3.7. GENERAL RULE FOR DIFFERENTIATION

Example 3.7.4.(“Cubic splines”) Differentiatef (=), where

fla) = —22% + 322, 0<ux<1,
t 0, z<Qorzxz>1.

(The polynomial—2z?2 + 322 smoothly connects the ling = 0 for z < 0 to the
liney = 1for z > 1. Such “cubic splines” are used in industry to design roads,
buildings, car bodies, ship hulls, and so on.)

The function is given in parts, so the problem must be soleseé dy-case. First,
assumé) < r < 1.

0 < x < 1: In this case, the derivative can be computed ass in the dgamp
above to show

fl(x) =62 +62, O<x<l.

This is not the final answer though! You must also deal withdases: > 1,
x < 0andx = 0,1 (as limits).

x> 1lorx <0:Heref'(z) =0.

x = 0: Note that for “small”h (by which we really meaf:| < 1),

FO+h)—f(0) [ —2hn2+3h, 0<h<l,
h 0, h < 0.

Taking the limit ash — 0 gives

£/(0) = lim

= 0.

fO+h) = f0)
h
Is f'(x) continuous at = 0? Note

lim f'(z) =0

r—0—
and
. / 7 o 2 —
xlg&f () = mlir& 62" + 62 = 0.

Therefore, the slope of the graph= f(z) is zero as you approac¢hform the left
or from the right. This tells ug’(z) is continuously differentiable at both ends.
x = 1: This is similar to the case = 0 and left to the reader.
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3.8 Exercises

Use the General Rul§3.7 in differentiating the following functions:

1. y = 322
Ans: & — 6y

2. y=1a>+2

Ans: &

8. y=22>-3
Ans: & = 4z

9.y=1-22°
Ans: & = —6g?

10. p = ab?

dp
db
2

dy
dzx

50
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

_ _3
y_1,2_1

Ldy . 6z
Ans: o2 = oz

Here’s how to us&age to verify this:

Sage

sage: y = 3/(x"2-1)
sage: diff(y,x)
B6*x/(X4 - 2 *X2 + 1)

y="Tr+=z
s = at® — 2bt
r = 8t + 3t?
y=
‘=g

y = ba® — cx

p =303 — 20?
S
y:x2x—5
p=1
y:%xQ—i—Qx
2 = 4a — 32?

p =30+ 02
y = ax—2|—b
5 = 342
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3.9. APPLICATIONS OF THE DERIVATIVE TO GEOMETRY

28. y =22 —-3x+6
Ans:y' =2x —3
29. s =2t +5t -8

Ans: s’ = 4t + 5 Here’s how to us&age to verify this (for simplicity, we
seth = At):
Sage

sage: h = var("h")

sage: t = var("t")

sage: s(tf) = 2 *t2 +5 *t - 8
sage: Deltas = s(t+h)-s(t)

sage: (Deltas/h).expand()

4xt + 2xh + 5

sage: limit((s(t+h)-s(t))/h,h=0)

4xt + 5

sage: diff(s(t),t)

4+t + 5

30. p=50° — 20+ 6
Ans: p' = 150* — 2

3l.y =ax® +bxr+c
Ans:y' = 2ax + b

3.9 Applications of the derivative to geometry

We consider a theorem which is fundamental in all differ@ntalculus to geom-
etry.
Let

y = f(z) (3.5)

be the equation of a cur#B.
Now differentiate((3.5) by the General Rule and interprethestep geometri-
cally.
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3.9. APPLICATIONS OF THE DERIVATIVE TO GEOMETRY

P: (z.y) 0 /
Q:z+A zy+A gy

Figure 3.1: The geometry of derivatives.

FIRST STEPy + Ay = f(x + Ax) = NQ
SECOND STEP.

y+ Ay = f(r+ Azx) = NQ
Y = f(x) =MP = NR
Ay = flo+Aa) - f(z) = RQ.
THIRD STEP.
Ay _ fatAo—f@) _ RQ _ RQ
Az MN ~ PR

Az
= tan RP(Q) = tan ¢
= slope of secant line PQ).
FOURTH STEP.
hmAI—>O ﬁ_g — hmAx_)O %;_f(z)

= % = value of the derivative at P.
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3.9. APPLICATIONS OF THE DERIVATIVE TO GEOMETRY

But when we letAz — 0, the point@ will move along the curve and approach
nearer and nearer 18, the secant will turn abou? and approach the tangent as a
limiting position, and we have also

lima,_o % = lima, otan¢ = tant
= slope of the tangent at P.

Hence % = slope of the tangent lin€7'. Therefore

Theorem 3.9.1.The value of the derivative at any point of a curve is equahéo t
slope of the line drawn tangent to the curve at that point.

It was this tangent problem that led Leibfito the discovery of the Differential
Calculus.

Example 3.9.1.Find the slopes of the tangents to the parahpla z? at the
vertex, and at the point where= 1.
Solution. Differentiating by General Rule§3.7), we get

d
y = d—y = 2x = slope of tangent line at any point on curve.
x

To find slope of tangent at vertex, substitute- 0 in 3/ = 2z, giving

dy
o=
Therefore the tangent at vertex has the slope zero; thaissparallel to the axis
of z and in this case coincides with it.
To find slope of tangent at the poiffit, wherex = 1, substitute iny’ = 2z,
giving

0.

dy
-2 —1-
dx ’
that is, the tangent at the poifitmakes an angle af5° with the axis ofz.

5Gottfried Wilhelm Leibnitz (1646-1716) was a native of Lgig. His remarkable abilities
were shown by original investigations in several brancHdsarning. He was first to publish his
discoveries in Calculus in a short essay appearing in thiegieal Acta Eruditorum at Leipzig
in 1684. It is known, however, that manuscripts on Fluxiomgten by Newton were already in
existence, and from these some claim Leibnitz got the neasid&he decision of modern times
seems to be that both Newton and Leibnitz invented the Gadéntependently of each other. The
notation used today was introduced by Leibnitz. See frpigcse.
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Figure 3.2: The geometry of the derivative;pf= 22

3.10 Exercises

Find by differentiation the slopes of the tangents to théoWwihg curves at the
points indicated. Verify each result by drawing the curvd s tangent.

1. y = 22 — 4, wherez = 2. (Ans. 4.)
2. y =6 — 322 wherex = 1. (Ans. —6.)
3. y = 23, wherer = —1. (Ans. —3.)
4.y = 2, wherex = —1. (Ans. —3.)
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5.y =z — 2%, wherez = 0. (Ans. 1.)

6. y = —, wherez = 3. (Ans. —1.)

7.y = 32, wherez = 4. (Ans.4.)

8. y = 2% — 22 + 3, wherex = 1. (Ans.0.)
9. y =9 — 2% wherex = —3. (Ans.6.)

10. Find the slope of the tangent to the cugve 223 — 6x + 5, (a) at the point
wherez = 1; (b) at the point where = 0.
(Ans. (a)0; (b) —6.)

11. (a) Find the slopes of the tangents to the two cugves 322 — 1 and

y = 2x% 4 3 at their points of intersection. (b) At what angle do they
intersect?

(Ans. (a)£12, £8; (b) arctan 5.

Here’s how to us&age to verify these:

Sage

sage: solve(3 *Xx2 - 1 == 2 *X'2 + 3)X)
[X == -2, X == 2]

sage: g(x) = diff(3 *X'2 - 1,X)
sage: h(x) = diff(2 *X2 + 3,X)
sage: 9(2); 9(-2)

12

-12

sage: h(2); h(-2)

8

-8

sage: atan(12)-atan(8)

atan(12) - atan(8)

sage: atan(12.0)-atan(8.0)
0.0412137626583202

sage: RR(atan(4/97))
0.0412137626583202
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12. The curves on a railway track are often made parabolionm.f Suppose
that a track has the form of the parabgla= 22 (see Figure 3.2 i§3.9),
the directions of the positive-axis and positive-axis being east and north
respectively, and the unit of measuremémhile. If the train is going east
when passing through the origin, in what direction will itdp@ng

(@) Whené mi. east of they-axis?
(Ans. Northeast.)

(b) wheni mi. west of they-axis?
(Ans. Southeast.)

(©) when‘/T3 mi. east of they-axis?
(Ans. N.30°E.)

(d) when<; mi. north of thez-axis?
(Ans. E.30°S., or E.30°N.)

13. A street-car track has the form of the cubic= 3. Assume the same
directions and unit as in the last example. If a car is goingtwéen passing
through the origin, in what direction will it be going

(@) when\/i3 mi. east of they-axis? (Ans. Southwest.)
(b) when\/i3 mi. west of they-axis? (Ans. Southwest.)
(c) When% mi. north of thex-axis? (Ans. S27° 43" W.)
(d) when2 mi. south of ther-axis?

(e) when equidistant from the-axis and thegj-axis?
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CHAPTER
FOUR

Rules for differentiating standard elementary forms

4.1 Importance of General Rule

The General Rule for Differentiation, given §3.7 of the last chapter, is funda-
mental, being a step-by-step procedural implementatidhefery definition of
a derivative. It should be stressed that the student shauttddroughly familiar
with this procedure. However, the process of applying thetaexamples in gen-
eral is often either too tedious or too difficult. Consequergpecial rules have
been derived from the General Rule for differentiating dertdandard forms of
frequently occurring expressionss in order to facilitatecess.

It's convenient to express these special rules by meansrofulas, a list of
which follows. The student should not only memorize eacmida when de-
duced, but should be able to state the corresponding ruleomdsy (The extra
time it takes you to memorize the formulas will probably bpaid in the time
saved doing homework and exam problems correctly.) In tferssulasu, v, and
w denote differentiable functions af

Formulas for differentiation

de

— =0 4.1
T (4.1)
dx

— =1 4.2
T (4.2)
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4.1. IMPORTANCE OF GENERAL RULE

d du dv dw
— —w) = — _— - — 4.3
d:c<u+v w) dx + dx dx (4-3)
d dv
%(cv) =co (4.4)
Product rule: p p p
v u
%(uv) =u— + v (4.5)
Power rule: p p
_dv
e (v") = no" 1% (4.6)
d
. (") = na™! (4.7)
x
Quotient rule:
d ruy UZ—Z — ug—;
dx (;) N v? (4.8)
d /u Z—Z
nl) =% (4.9)
: -
e (log,v) =log, e - f (4.10)
d dv
. (Inv) = df (4.11)

Note Oftenlog,, e = 2.71828... the base of the natural log, is denoted(or
sometimes juslog).

d dv

L) =a'na- 4.12

o (a”) =a"Ina o ( )
d dv
Ly = e 4.13
. (e") =e T (4.13)



4.1. IMPORTANCE OF GENERAL RULE
d d d
. (u’) = vu”_lﬁ + log u u”d—z (4.14)
d d
%(Sin v) = cos U% (4.15)
. dv
%(COS v) = —sin G (4.16)
d . dv
%(cos v) = —sin v (4.17)
dv
_ e 2 _
dx(COt x) csc” v (4.18)
d dv
@(sec v) = sec v tan v (4.19)
d dv
E(CSC v) = —csc v cot v (4.20)
d dv
= (arcsin v) = —=2= 4.21
dm(arcsm v) Vi ( )
dv
— = 4.22
dx(arccos v) Niger (4.22)
d dv
e _ dx
I (arctan v) o (4.23)
dv
_ — __dz
o (arccot v) 2 (4.24)

Note Sometimesrcsin, arccos, and so on, are denotedin, acos, and so on.

d
x

d

Xz
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d—(arcsec v) =

d—(arccsc v) = —

dv
dx

Vo2 —1

dv
dx

vV —1

(4.25)

(4.26)



4.1. IMPORTANCE OF GENERAL RULE

Chain rule: y dy d
Y Yy av
- 4.27
de  dv da’ ( )
wherey is a function ofv, v a function ofz.
dy 1
dy

wherey is a function ofz.
Here’s how to see some of these usBape :

Sage
sage: t = var("t")
sage: diff(acos(t),t)
-l/sgrt(l - t°2)
sage: v = var("v")
sage: diff(acsc(v),v)
-1/(sqrt(l - 1IN°2) *V'2)
sage: x = var("x")
sage: u = function("u",x)
sage: v = function("v",x)
sage: diff(u(x) *V(X),X)
u(x) *diff(v(x), x, 1) + v(x) *diff(u(x), x, 1)
These tell us tha¢reost — _\/11_t2 and dareeser — _v\/vl2_1'
Here are some more examples usBage :
Sage
sage: x = var("x")
sage: u = function(u’, x)
sage: v = function('v’, x)
sage: diff(u/v,x)
diff(u(x), x, L/NX) - u(x) * diff(v(x), x, 1)/v(X)2

sage: diff(sin(v),x)

cos(v(x))  *diff(v(x), x, 1)
sage: diff(arcsin(v),x)
diff(v(x), x, 1)/sqrt(1 - v(x)"2)
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4.2. DIFFERENTIATION OF A CONSTANT

dv

The lastSage computation verifies tha (arcsin v) = \/%

4.2 Differentiation of a constant

The simplest type of function is one that is known to have #raesvalue for all
values of the independent variable, i.e., a constant fonctiet
y==c

denote a constant function. Agakes on an incrementz, the function does not
change in value, that ig\y = 0, and so

Ay
Ax

hm (2Y) =%
Ae—0 \ Az ) dox

Therefore,% = 0 (equation[(4.1) above)he derivative of a constant is zero.

0.

But

4.3 Differentiation of a variable with respect to itself

Lety = .
Following the General Rulg€3.7, we have

e FIRST STEPy + Ay = x + Ax.
o SECOND STEPAy = Az
e THIRD STEP.2Y = 1.

o FOURTH STEPZ = 1.

Therefore,d—g = 1 (equation/(4.2) above). The derivative of a variable wipexct
to itself is unity.
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4.4. DIFFERENTIATION OF A SUM

4.4 Differentiation of a sum

Lety = u + v — w. By the General Rule,

FIRST STEPy + Ay = u+ Au+v + Av — w — Aw.

SECOND STEPAy = Au + Av — Aw.

A Au Av Aw
THIRD STEP.AY — &u 4 Av_ 2w

FOURTH STEPZ = 4 4 d&v _ dv [Applying Theorem 2.8.1]

Therefore,d% (utv—w) = j—g +&_dv (equation/(4.3) above). Similarly, for
the algebraic sum of any finite number of functions.

The derivative of the algebraic sum of a finite number of flonstis equal to
the same algebraic sum of their derivatives.

4.5 Differentiation of the product of a constant and
a function

Lety = cv. By the General Rule,

e FIRST STEPy + Ay = ¢(v + Av) = cv + cAw.
e SECOND STEPAy = ¢ - Aw.

o THIRD STEP.£Y = c22.

e FOURTH STEP.j—g = c2 [Applying Theorem 2.8.2]

dx

Therefore, L (cv) = c2 (equation/(4.4) above).
The derivative of the product of a constant and a functiomjisaéto the product
of the constant and the derivative of the function.
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4.6. DIFFERENTIATION OF THE PRODUCT OF TWO FUNCTIONS

4.6 Differentiation of the product of two functions

Lety = uv. By the General Rule,
e FIRST STEPy + Ay = (u + Au)(v + Av). Multiplying out this becomes

y+Ay=uv+u-Av+v-Au+ Au- Av.
e SECOND STEPAy = u - Av + v - Au+ Au - Awv.
e THIRD STEP.£Y = &Y + v2 + AuL®.

e FOURTH STEPZ = u% + v [Applying Theorem 2.8.1], since when
Axr — 0, Au — 0 and(AuA”) —0.]

Therefore L (wv) = u%2 + v (equation[(4.5) above).

Product rule The derlvatlve of the product of two functiosgqual to the first
function times the derivative of the second, plus the sedanction times the
derivative of the first.

Here’s how to us&age to verify this rule in a special case:

Sage

sage: t = var("t")

sage: f = cos(t)

sage: g = exp(2 =t)

sage: diff(f *g,1)

2xe"(2 *t) xcos(t) - e°(2 *t) *sin(t)
sage: diff(f,t) * g+f * diff(g,t)
2xe"(2 *t) xcos(t) - e°(2 *t) *sin(t)

This simply compute# et cos(t) in two ways (one: directly, the second: using
the product rule) and checks that they are the same.

4.7 Differentiation of the product of any finite num-
ber of functions

Now in dividing both sides of equation (4.5) ly, this formula assumes the form

d du dv
(W) 3 Y
U U v
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4.8. DIFFERENTIATION OF A FUNCTION WITH A CONSTANT
EXPONENT

If then we have the product ef functionsy = vyv, - - - v, Wwe may write

d dv d
H(’UIUT“U’@) . da;l %(Uz’ug“"un)
V1V2Un C%)l d UQ'UB""Udn
v1 v2 & (-
— _dz dx da:(v31)4 Un)

v1 Vo V304V
dvq dvg dv33 " dun,

dz dz Az dz d

U1 + V9 + v3 + + Vp dx U1U2 Un

= (U2U3 .. Un)% + (U1’1)3 - Un)% +---+ (U1U2 o 'Un—l)%'

The derivative of the product of a finite number of functiesqual to the sum of
all the products that can be formed by multiplying the detixeof each function
by all the other functions.

4.8 Differentiation of a function with a constant ex-

ponent
If the n factors in the above result are each equal, teve get
L) _ &
[ v

Therefore i (v") = nv" 2, (equation|(4.6) above).

Whenv = z this becomes’ (z") = nz"~! (equation/(4.7) above).

We have so far proven equation (4.6) only for the case whés a positive
integer. In§4.15, however, it will be shown that this formula holds troe &ny
value ofn, and we shall make use of this general result now.

The derivative of a function with a constant exponent is etugte product of
the exponent, the function with the exponent diminished hy, @amd the deriva-
tive of the function.

Sage
sage: t = var(’t)
sage: f = function(’f, t)
sage: g = function('g’, t)
sage: (f(t) * g(t)).diff(t) # product rule for 2 functions
f(ty =diff(g(t), t, 1) + g(b) = diff(f(t), t, 1)
sage: h = function(’h’, t)
sage: (f(t) *g(t) =h(t).diff(t) # product rule for 3 functions
f(t)y =g(t) =diff(h(t), t, 1) + f(t) +=h(t) =diff(g(t), t, 1)
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4.9. DIFFERENTIATION OF A QUOTIENT

+ g(t) «h() =diff(f(t), t, 1)

4.9 Differentiation of a quotient
Lety = “v # 0. By the General Rule,

o FIRST STEPy + Ay = 4“2,

_ utAu u _ v-Au—u-Av

e THIRD STEP.Y = "3i-"40,

d

e FOURTH STEPZ — “&-"& [Applying Theorems 2.812 and 2.8.3]

Therefore, & () % (equation|(4.8) above).

The derlvatlve of a fraction is equal to the denominator srttee derivative of
the numerator, minus the numerator times the derivativdhefdenominator, all
divided by the square of the denominator.

Sage

sage: t = var(t)

sage: f = function(f, t)

sage: g = function('g’, t)

sage: (f(t)/g(t)).diff(t)

diff(f(t), t, 1)/g(t) - f(t) = diff(g(t), t, 1)/g(t)"2
sage: (1/f(t)).diff(t)

-diff(f(t), t, 1)/f(t)"2

When the denominator is constant, set c in (4.8), giving (4.9)-% (%) =
[Since: = 4 — (.] We may also get (419) from (4.4) as follows:

“l&‘?‘

du
w() et
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4.10. EXAMPLES

The derivative of the quotient of a function by a constangisato the derivative
of the function divided by the constant.

All explicit algebraic functions of one independent vateamay be differenti-
ated by following the rules we have deduced so far.

4.10 Examples

Differentiate the foIIowin@:

1. y=a3
Solution. £ = 4 (%) = 322, (By (4.7),n = 3.)

2.y = ax* — ba?.

Solution.
j—g = L (az* — ba?)
= 4 (azt) — L(ba?) by (4.3)
= ag(z") = b (2?) by (4.4
= 4ax® — 2bz by (4.7).
3.y= x5 + 5.
Solution. " L ;
- = 5(1933) + 2:(5) by (4.3
= 323 by (4.7) and (4.1)
4. y=45 — =+ 8V
Solution.

TR 3x?)+%<7x*%)+£(8x%) by (4.9
B _4 _4
:%Jﬁ-ﬁ-%l’ 34_%;5 7 bydﬂ)and(‘l.?'.

1To the student: Though the answers are included below foff #fle problems, it may be that
your computation differs from the solution given. You shibthien try to show algebraically that
your form is that same as that given.
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4.10. EXAMPLES

5.y = (z? —3).
Solution.

Z_gyc :5(552_3)4%(372—3) by (4.6),v =x*> —3andn =5
5(x? —3)* -2 = 10z(2* — 3)*.

We might have expanded this function by the Binomial Theorsza{12.1)
and then applied (4.3), etc., but the above process is muogtiei.

6. y =+va?— a2
Solution.
d 1
# o= bt
= 5(@* —a*) 77 f(a® —2?), by (48 (v=a’— 2’ andn=5)
= }@® — o) (-20) = - .

Solution.

W= (322 +2) L (1 +522)7 + (1 +52%)7 L (322 + 2)

(by u=32242, and v = (14 522)2)
= (322 +2)L(1 +522) 2L (1 + 522) + (1 + 522)262 by (4.6), etc.
2 dx
— (322 +2)(1 + 522) " 25z + 62(1 + Ha2)2
= 2D 4 6oy/T + ba?

_ 4523416z
V14522 °

a’+a?
Vai—z2"
Solution. By (4.8), we have

8. y=

=

1
dy (@) L (@)~ (@) L (@—a?)

dz a2 —z2
_ 2x(a27:p2)+x(a[2+12)
(a2—s2)" 3
. . . 1
(multiplying both numerator and denominator by (a* — 22)?)

(a2-a2)3
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4.10. EXAMPLES
9. 5z + 322 — 6. (Ans. % = 202° + 6z)
10. y = 3ca® — 8dx + 5e. (Ans. % = 6cx — 8d)
11. y = 2°*?, (Ans. % = (a + b)z**"1)
12. y = 2™ + nx + n. (Ans. & = pa"t 4 n)
13. f(z) = 2a® — 327 + 5. (Ans. f'(z) = 22* — 3z)
14. f(z) = (a + b)z* + cx + d. (Ans. f'(z) = 2(a + b)x + )
15. L(a+ bx + ca?) = b+ 2cx.
16. %(Sym — 3y +6) =5my™ ! — 3.
17. L2072 + 3273) = —4z7% — 92",
18. 43571 —5) = —1257° — 1.
19. %(4:10% + %) = 2272 + 2.
20. Ly 2 —dy i) =20+ 255,
21. (243 + 5) = 62,
22. 4(3¢5 — 2t?) = 151 — 4.
23. L(ab* + b9) = 4a6® + b.
24. (5 2a32) = —3az.
25. L(9t5 +171) = 15t5 — ¢,
26. L (22" — 2%) = 242 — 925,
27. 1 = c0? + db? + €. (Ans.r’ = 3ch? + 2d6 + e)
28. y = 613 4 dx3 + 23, (Ans.y' = 2122 + 10x2 + 3:10%)
29. y =3z + 3z + 1. (Ans.y' = 2= + 5= — )
30. y = wtborer, (Ans.y =c— %)
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4.10. EXAMPLES

31.

32.
33.
34.
35.
36.

37.
38.

39.
40.

41.

42.

43.

44,

45.

46.

47.

_ (=13 8 B 2 1 _4
Yy = o3 (AnSy’—§x3—5x3+2x 3_|_%$ 3)
y = (223 + 2% — 5)3. (Ans.y’ = 6z(3z + 1)(22° + 2% — 5)?)
y = (22% + 2% — 5)3. (Ans.y = 6x(3z + 1)(22% + 22 — 5)?)
f(@) = (a+ba?)i. (Ans. f'(z) = %2 (a + ba?)7)
flx) = (1 +42%)(1 + 22%). (Ans. f'(x) = 4a(1 + 3z + 102%))
f(x) = (a+z)va— . (Ans. f'(x) = %)
(@) = (atz)" (b+z)". (Ans. f'(z) = (ata)™ (b+2)" [ + 55 ])
Yy = :EL” (AnS % = - nn+1
v =o(a® + 2P — a2, (Ans. Gt = =)
Differentiate the following functions
(a) £20° 4w +6)  (c) GbFar) (1) fzf —ad)
(b) %(at73+ b —9) (f) @ =a’)r (j) F(6+20)
(c) 4303 — 204 1-60) (9) L(4—o}) (k) L/atbys
(d) £ (22° + )3 (h) LVTH92 () L(22% +22%)
y =2 (Ans. 9 = Sr—ie
__ a—zx dy __
Y= (Ans. 2¥ = (aﬂ 5)
S = ﬁ (AnS. % = 31{1’32)
S 2 S S
f(s) = 8, (Ans. f'(s) = “T5)
10) = 7t (Ans. f'(6) = —2 )
F(r)= %ﬂ; (Ans. F'(r) = V1(1 — r)V/1 —12)

v =(5)" . Answ(y) = )
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4.11. DIFFERENTIATION OF A FUNCTION OF A FUNCTION

000 = ek (Al =
49. y = V/2pa. (Ans.y' = 2)

50. y = 2% — a2, (Ans.y = -2

51. y = (a5 — x3)z. (Ans.y = —/T)

52. 1 = /ag + ¢/, (Ans.r = Yatio)
53. u = 5, (Ans.u' = 5= + 277

54, p — @il (Ans. y = =TT

55. Differentiate the following functions:

4.11 Differentiation of a function of a function

It sometimes happens thatinstead of being defined directly as a functioneof
is given as a function of some other variable, sayand thatv is defined as a
function ofz. In that casey is a function ofr throughv and is called @omposite
function The process of substituting one function into anotherrnisetomes called
composition

For example, ify = 2%, andv = 1 — 2?, theny is a composite function. By
eliminatingv we may expresg directly as a function of, but in general this is
not the best plan when we wish to fi@g.

Sage
sage: t = var(t)
sage: f = function('f’, t)
sage: g = lambda v: 2 *Vv/(1-v'2)
sage: g(f(t)).diff(ty # this gives the general form, for any f

2« diff(f(t), t, 1)/(1 - f(t)"2) + 4 =f(t)"2 = diff(f(t), t, 1)/ - f(t)"2)"2
sage: f = lambda x: 1-x"2
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4.11. DIFFERENTIATION OF A FUNCTION OF A FUNCTION

sage: g(f(t)).diff(t) # this gives the specific answer in th is case
4t - (1 -t2)2) -8 *tx(1 - £72)°2/(1 - (1 - t72)2)°2

If y = f(v) andv = g(x), theny is a function ofr throughv. Hence, when we
let x take on an incremenkz, v will take on an incremenf\v andy will also take
on a corresponding incremeAty. Keeping this in mind, let us apply the General
Rule simultaneously to the two functiops= f(v) andv = g(z).

e FIRST STEPy + Ay = f(v+ Av), v + Av = g(z + Ax).
e SECOND STEP.

y+ Ay = f(v+ Av), v+ Av = g(z+ Ax)
y = f(v), v =g(x)
Ay = f(v+ Av) — f(v), Av = g(x+ Az) — g(x)

Av ! Az Az
The left-hand members show one form of the ratio of the iner@mof each
function to the increment of the corresponding variablel @e right-hand
members exhibit the same ratios in another form. Before pgssithe limit
let us form a product of these two ratios, choosing the lafiehforms for
this purpose.

This gives3 - 22, which equalsz?. Write this

e THIRD STEP.AY — [80 /() 8o _ gletAn)o(r)

Ay Ay Av
Ar  Av Az’
e FOURTH STEP. Passing to the limit,

dy dy dv
dr  dv dz’ (4.29)
by Theorem 2.8.2.This may also be written
dy _ /
== 1)-g@),
or
Y (@) f (9(a)) (4.30)
A =g g . .
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4.12. DIFFERENTIATION OF INVERSE FUNCTIONS

The above formula is sometimes referred to asctien rulefor differentiation.
If y = f(v) andv = g(x), the derivative of; with respect tar equals the product
of the derivative ofy with respect ta and the derivative of with respect tac.

4.12 Differentiation of inverse functions

Lety = f(z) be a given function of.
It is often possible in the case of functions considered is ook to solve this
equation forz, giving

T = o(y);

that is, to considey as the independent andas the dependent variable. In that
casef(x) andg(y) are said to benverse functiongand one often writeg = f~1).

When we wish to distinguish between the two it is customaryatb tbe first
one given thalirect functionand the second one tieverse functionThus, in the
examples which follow, if the second members in the first coiare taken as the
direct functions, then the corresponding members in thergkcolumn will be
respectively their inverse functions.

Example 4.12.1. e y=22+ 1,2 =4y — 1.
e y=a",r=1log,y.
e y =sin x, x = arcsin y.

The plot of the inverse function(y) is related to the plot of the functiof{z) in
a simple manner. The plot ¢gf(x) over an intervala, b) in which f is increasing
is the same as the plot @f(y) over (f(a), f(b)). The plot ofy = f(x) is the
“mirror image” of the plot ofy = ¢(z), reflected about the “diagonal ling"= z.

Example 4.12.2.If f(x) = 22, forz > 0, and¢(y) = \/y, then the graphs are
Now flip this graph about th¢5° line:
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4.12. DIFFERENTIATION OF INVERSE FUNCTIONS

-05

Figure 4.2: The functiom(y) = f~'(y) = /¥.
The graph of inverse trig functions, for exampten(xz) andarctan(z), are
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4.12. DIFFERENTIATION OF INVERSE FUNCTIONS

related in the same way.

Let us now differentiate the inverse functions

y=f(z) and = ¢(y)

simultaneously by the General Rule.

e FIRSTSTEPy + Ay = f(z + Az), 2 + Az = ¢(y + Ay)

e SECOND STEP.

y+ Ay = f(z+ Ax), r+ Ar = oy + Ay)
y = f(), = ¢(y)
= f(z + Az) — f(), Az =y + Ay) — d(y)
e THIRD STEP.
Ay flz+Ax) - f(z) Az ¢y + Ay) — ¢(y)
Az Ax ' Ay Ay '
Taking the product of the left-hand forms of these ratiosgwle%-ﬁ—; =1,
or, 2 ﬁfy
e FOURTH STEP. Passing to the limit,
1
dx o
Y
or,
, 1
fx) =

The derivative of the inverse function is equal to the remspt of the derivative
of the direct function.
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4.13. DIFFERENTIATION OF A LOGARITHM

4.13 Differentiation of a logarithm

Lef y = log,v.
Differentiating by the General Rul€3.7), considering as the independent
variable, we have

e FIRST STEP.y + Ay = log, (v + Av) .

e SECOND STEP.

Ay =log,(v+ Av) —log, v
= log, (*53)
= log, (1 + %) :

by item (8),§12.1.
e THIRD STEP. N
L= log, (1—1—%’)
= log, (1+ %)
=1log, (1+22)2.
[Dividing the logarithm byv and at the same time multiplying the exponent
of the parenthesis by changes the form of the expression but not its value

(seeitem (9)§12.1.]
e FOURTH STEP.% = %logae. [When Av — 0 % — 0. Therefore
lima, o (1+ %)T = e, from §2.11, placingr = 4]
Hence

dy d 1

i (log, v) =log, e - o (4.32)
Sincev is a function ofr and itis required to differentiateg, v with respect tar,
we must use formula (4.29), for differentiating a functidradunction, namely,

@_dy dv

de  dv dz’

2The student must not forget that this function is defined dmiypositive values of the base
and the variable.
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4.14. DIFFERENTIATION OF THE SIMPLE EXPONENTIAL FUNCTION

Substituting the value of¢ from (4.32), we get

dy _ log, e Lodv

dr 8y dr
Therefore%(loga x) =log,e- %}E (equatior; (4.10) above). When= ¢, log, e =
logee = 1, and[(4.10) becomes$ (log v) = <= (equation|(4.11) above).

Sage

sage: t = var(’t)

sage: f = function(’f, t)
sage: log(f(t)).diff(t)
diff(f(t), t, 1)/(t)

sage: f = 1172

sage: log(f(t)).diff(t)

2 +t/(1 - t72)

4.14 Differentiation of the simple exponential func-
tion
Lety = a*, a > 0. Taking the logarithm of both sides to the baseve

getlogy = vloga, orv = % = @ -log y. Differentiate with respect tg by
formula (4.11),

dv 1 1

dy loga y’
and from|(4.31),relating to inverse functions, we Q;Et: loga -y, or,

dy _ v
— =10ga-a .
dv &
Sincew is a function ofz and it is required to differentiate’ with respect tar,

we must use formula (4.29), for differentiating a functidradunction, namely,

dy _dy dv

de  dv dz
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4.15. DIFFERENTIATION OF THE GENERAL EXPONENTIAL FUNCTION

Substituting the value dj% from above, we get

dy | , dv
— =10ga-a - —.
dx & dx
Therefore, L (a¥) = loga - a* - % (equation|(4.12) ir§4.1 above).
Sage
sage: t = var(t)
sage: f = function(f, t)

sage: (37f(t)).diff(t)

log(3) *37f(t) =diff(f(t), t, 1)
sage: f = t'7

sage: (37f(t)).diff(t)

7*log(3) *t'6 *3°t7

Whena = e, loga = loge = 1, and [(4.12) become$ (¢”) = "% (equation
(4.13) in§4.1 above) .

The derivative of a constant with a variable exponent is etuéhe product of
the natural logarithm of the constant, the constant with taeable exponent, and
the derivative of the exponent.

4.15 Differentiation of the general exponential func-
tion
Lef y = u". Taking the logarithm of both sides to the baséog, y = vlog, u,

or,y = evlosy,

Differentiating by formula/(4.13),

% _ evlogu%(vlogu)
— evlogu (%Z_z + 10gu§—;) by @
= (295 Tog u)

Therefore & (u) = vu* ™2 + logu - u” %% (equation/(4.14) ig4.1 above).

dz dx

3Hereu can assume only positive values.

79



4.15. DIFFERENTIATION OF THE GENERAL EXPONENTIAL FUNCTION

The derivative of a function with a variable exponent is eqadhe sum of the
two results obtained by first differentiating by (4.6), redjag the exponent as
constant, and again differentiating by (4/12), regardihg function as constant.

Letv = n, any constant; then (4.14) reduces to

d . oy du
%(u)—nu et

But this is the form differentiated ig4.8; therefore (4)6) holds true for any value
of n.

Example 4.15.1.Differentiatey = log(z? + a).
Solution. By (4.11) (withv = 2% + a), we have

dy %(xlﬁ—a)
dr —  22+4a
2z
T ox24a”

Example 4.15.2.Differentiatey = log v/1 — 2.
Solution. By (4.11) and (4.6),

1
dy _ %(1—:#32
dx (1—&?2)?
1
_ 1a—a®) 3 (-2)
- 1
(1-a2)?
_ =z
T ox2-1

Example 4.15.3.Differentiatey = a*".
Solution. By (4.12),

d 22
% =loga-a® L(3z?)

dx A
= 6zloga - a® .

Sage

sage: t,a = var('t,a)
sage: f = 3 *t2

sage: (a’f(t)).diff(t)
6*a’(3 *t"2) =xlog(a) =*t

80



4.16. LOGARITHMIC DIFFERENTIATION

Example 4.15.4.Differentiatey = be” ++°.
Solution. By (4.4) and (4.13),

2 2
dy =bL (e te

dx
2 2 d
= be” T (% 4 2?)
= 2bgec T,

Example 4.15.5.Differentiatey = z¢".
Solution. By (4.14),

dy

e z etl%(x) + 2 log x%(e‘”)

err
x4 2 logx - €”
z..er (1

evx (I —|—loga:)

4.16 Logarithmic differentiation

Instead of applying (4.10) and (4.11) at once in differamt@glogarithmic func-
tions, we may sometimes simplify the work by first making useme of the
formulas 7-10 ir§12.1. Thus above lllustrative Example 4.15.2 may be solged a
follows:

Example 4.16.1.Differentiatey = log v/1 — 2.
Solution. By using 10, in12.1, we may write this in a form free from radicals
as follows:y 