On the Montgomery-Dyson Hypothesis

BY DAVID JOYNER

The Montgomery-Dyson hypothesis, first mentioned in [Monl), is a statistical statement
that the imaginary parts of the zeros of the Riemann zeta function behave like eigenvalues
of a random Hermitian matrix of unitary type. In for example {Odl] numerical evidence is
brought out in support of this hypothesis. In an apparently unrelated work, Montgomery
[Mon2] conjectured that the maximum value of S(t) := Larg ((3 + it),

maz S(t),
is of the same order of magnitude as (log T’/ loglog T')!/2. There is some heuristic evidence
in support of this hypothesis as well. In this note we present evidence, stated in the form
of the Lemma below, that these two hypotheses appear to be inconsistent.
Pick an ordering of the complex zeros p = 8 + i of {(8) with 4 > 0 in such a way that
p' = B + iy occurs after p = §+ iy if ¥ > 7. Let 4, denote the imaginary part of the

n'® non-trivial zero of ((s) lying above the real axis. Let
b = (Tt = Y0) 222
n- n+1 n o ?

so that the average of the &, equals 1. Let F,.(t) denote the density function of the
normalized eigenvalues of a large r X r random Hermitian matrix of unitary type (see
[dCM]). Let a(z) = a,(z) denote a function such that

s o]
/ F.(t)dt ~ 271,
alz)

as £ — oo and let A(z) = B,(x) denote a function such that

B(z)
Fo(t)dt ~z71,
0

as ¢ — 0. We call the statement
1 b
Nlim w#{n <N |é,€(a,b)}= rlinc}O/ F(t)dt,
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the weak Montgomery-Dyson hypothesis, and the statement
maz 8n = a(N),

as N — o0, as the strong Montgomery-Dyson hypothesis. Incidentally, the same principle
leads to the lower bound

'r‘nsz}} bn = B(N),

as N — oo. By &~ we mean both side have the same order of magnitude (so c;a(N) <
mazx by £ cpa(N) for some constants ¢;). A. Odlyzko has pointed out that, for r large
n-
enough,
Fy(t) 174 exp(— 2 #%),
as t — oo (see [dCM]), and
2
Fi(t) = 51 +0(t*),
as t — 0 (see [Meh, Arr. A12, p. 202]). These suggest that we should have

2v2

a(N) ~ T(logN)‘/2

in the strong Montgomery-Dyson hypothesis and
9
N) ~ (—)1/3
BN ~ (—7)

(see also [Odl, (2.5.1)]). This is a much more precise version of a conjecture made in
[Mon3]. The numerical evidence at hand appears to conform to these expectations [Od]l].

In this paper we present the simple Lemma below as evidence that the statement
a(N) =~ (log N)*/?

appears to be inconsistent with the statement mt(zg S(t) << (log T/ loglog T)'/? (however,
it is not inconsistent with mg’f" S(t) >> (log T)_I/ %). A little notation is needed first: for
t -—

constants ¢; > 0 and ¢z > 0, let f(t) denote a function satisfying
c1(logt/ loglogt)'/? < f(t) < ey logt/ loglogt,
for t > 10, and f(t + O(1)) < 2f(t), for t sufficiently large. For each fixed ¢, let

9(t) = gc(t) = cf(t)/ logt.
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LEMMA. Suppose that for each constant ¢ > 0
(A) for t > ty(c) and
1 1 1 1
3 + mgc(t) S0 s 3 + 'é'gc(t)v
we have |Re log ((o +it)| < f(2),

(B) for all 0 > %, t > t1(c), we have

[¢(0 + it)]| < exp(£(t))-

Then there exists a ¢ = ¢{(cy, ;) > 1 with the property that every disk |s —  —it] < g.(t),

t > t3(c) contains a zero (the constant t3(c) is not effectively computable).

REMARK: If Montgomery’s conjecture concerning S(t) were true then it might be reason-
able to expect that one may take f(¢) ~ (logt/loglogt)!/? in (A)-(B). The Lemma then

implies that every pair p = 8+ 17, p' = ' + i+ of consecutive zeros satisfies

I¥' — 7} << (logyloglog v)~!/2.

For the sake of comparison, it might be pointed out that the strong Montgomery-Dyson

hypothesis suggests that there exist infinitely many consecutive zeros satisfying

I = 7] >> (logy)~'/2.

PROOF OF THE LEMMA: Let g(t) = g.(t) for brevity. Recall the functional equation

((1 - 8) = 2'~*x* cos( )T ()¢(s),

and Stirling’s formula 0
T S\ -
N(s) = (5)*(2)°( + O(lsI™)),

uniformly in |arg 8| < 7 —¢, as s — o0.

Let r1 = ry(t) = 3g(t), r2 = ra(t) = 19(t), rs = rs(t) = }g(t), and let Cy := {s |
|s — 2 — it| < g(t)}. The r; will be the radii for three concentric circles defined as follows.
Assume that the Lemma is false, so there exists an infinite sequence #, — oo such that
¢(s) #0in Cy, and C,, N Cy, = 0 for m # n. By (A), for each n there is an sp = s¢(n)
such that [sp — 3 — 29(ta) — itn| < Z59(ts) and |log {(so)] < c3f(tn), where log((s) is the
branch on C;, defined so that |[Im log((s)| < = for all s € C;,. To make explicit the fact
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that log ((s) depends on n via this choice of the branch, let us denote Fy,(s) = log((s), for
se€Cy,.

Let C; = Ci(n) = {3 | |s — so(n)] = ri(ta)}. By Caratheodory’s lemma and our
assumptions, we have

:Té%-'f IFn(s)l < Qf(tn):

for some absolute constant ¢4. On C; the functional equation and Caratheodory’s lemma

imply
I'(1/2 — s/2)
maz |Fa(s)| << maz |log WI + f(tn) < cscf(ta),
for some absolute constant cs. Let 8, = EE{%, 0; = l:g :: :: , 8o by Hadamard’s three

circles theorem
maz |Fp(s)] < ceco“f(t,.),
s€Cy

for some absolute constant c¢g. Note 83 < 1 is independent of n. Qur assumptions imply
that

Relog j < f(tn).

1
((§ + F59(ta) ita
By the functional equation, Relog —(1—)- = Relog ﬁ + Relog x(l — 8p), Where s, =

~ 3=9(tn) + tt,, and x(s) = w'“lfzﬂ.lr,[("'ﬁ‘_'{_zl % [t1/2~ for ¢ — 1 << (loglogt)~.
follows that

Relog N < f(ta) — Og(tn)logtu +0(1)

= (1 - 55)f(t) +O(L),

C(

for any branch of log {(s). For ¢ > 1 chosen sufficiently large, this bound contradicts our

earlier estimate for maz |F,(s)|.
a€Cy
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